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Abstract
In this note we obtain a large lower bound for the index of a certain critical set in the back-circulant Latin squares of odd order.
This resolves in the negative a conjecture of Fitina, Seberry and Chaudhry [Back-circulant Latin square and the inﬂuence of a set,
Austral. J. Combin. 20 (1999) 163–180].
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1. Introduction
A number of authors have studied the properties of critical sets in various kinds of combinatorial designs. The paper
[2] examines a particular critical set in the back-circulant Latin square. That paper discusses two concepts: the inﬂuence
of an element of a critical set and the index of the critical set. The index of a given critical set is simply the number
of distinct values taken by the inﬂuences of the elements in that set. In [2] the authors conjecture that the index of the
particular critical set in the back-circulant Latin square of order 2m + 1 is m − 1.
The conjecture is correct for m7, but an easy computer program reveals that the index for m = 8 is 8 instead of 7.
Therefore the conjecture is false.As it happens, in the present case, the index depends on the distribution of the integers
which can be written in the form a2 + 3b2 where a and b are integers. Indeed, using known facts about the number of
integers less than x which may be written in the above form, we are able to bound the index. The growth of the index
is almost quadratic in m. Therefore the conjecture is in fact far from true.
2. Preliminaries
A Latin square L of order n is an n × n array with entries chosen from a set N, of size n, such that each element of
N occurs precisely once in each row and column. For convenience, a Latin square will sometimes be represented as a
set of ordered triples (i, j ; k), which is read to mean that element k occurs in cell (i, j) of the Latin square L. A partial
Latin square P of order n is an n × n array with entries chosen from a set N, of size n, such that each element of N
occurs at most once in each row and column. Thus P may contain a number of empty cells. We sometimes denote P
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by the set {(i, j ; k)|i, j, k ∈ N}. A critical set in a Latin square L (of order n) is a set C = {(i, j ; k) | i, j, k ∈ N},
such that
(1) L is the only Latin square of order n which has element k in cell (i, j) for each (i, j ; k) ∈ C; and
(2) no proper subset of C satisﬁes (1).
A uniquely completable set in a Latin square L of order n is a partial Latin square in L which satisﬁes condition (1)
above.
Deﬁnition 1. In the process of completing the uniquely completable set U to the Latin square L of order n which it
characterizes, we say that adjunction of a triple t = (r, c; s) is forced (see [3]) in the process of completion of a set T
of triples (| T | <n2, U ⊆ T ⊂ L) to the complete set of triples which represents L, if either
(i) ∀r ′ = r , ∃z = c such that (r ′, z; s) ∈ T or ∃z = s such that (r ′, c; z) ∈ T , or
(ii) ∀c′ = c, ∃z = r such that (z, c′; s) ∈ T or ∃z = s such that (r, c′; z) ∈ T , or
(iii) ∀s′ = s, ∃z = r such that (z, c; s′) ∈ T or ∃z = c such that (r, z; s′) ∈ T .
Put into words, condition (i) says that we must place s in the (r, c)th cell because for each unoccupied cell (r, c′) in
row r the number s already appears in column c′.
Let Bn denote the back-circulant Latin square of order n, based on the addition table for Zn. For all positive
integers n,
Bn = {(i, j ; i + j (mod n))|0 i, jn − 1}.
It is well known (see [1]) that the following set
{(i, j ; i + j (mod n))|(n + 1)/2 in − 1 and (3n − 1)/2 − ijn − 1}
∪ {(i, j ; i + j (mod n))|0 i(n − 3)/2 and 0j(n − 3)/2 − i}
is a critical set in Bn for n odd. Let Cn denote this set. Note that Cn is the union of two equal triangles which we call
the upper triangle and the lower triangle. Moreover, |Cn| = (n2 − 1)/4. Fig. 1 shows the critical set C17.
Deﬁnition 2. Let C be a critical set of order n in a Latin square L. For x ∈ C we deﬁne the nest of x, denoted N (x), to
be the union of C\{x} and the set of triples that can be forced (see Deﬁnition 1) when x is deleted from C. Deﬁne the
inﬂuence set of x, denoted I(x), to be the set of cells {(i, j) | (i, j ; k) ∈ (L\N (x)) for some k}. The number |I(x)|
is called the inﬂuence of x, and denoted by (x).
Consider the elements (1, 2; 3) and (1, 1; 2) in critical set C9. Fig. 2 illustrates some of these deﬁnitions.
Fig. 1. Critical set C17.
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Fig. 2. Nest and inﬂuence.
Fig. 3. Inﬂuence of each entry of C17.
Deﬁnition 3. For x, y ∈ C we deﬁne the relation by xy ⇔ (x) = (y). Clearly is an equivalence relation.
The index of C is said to be the total number of equivalence classes with respect to.
3. Disproof of the conjecture
The following conjecture was stated in [2].
Conjecture A (Fitina et al. [2]). Let n be odd. Then the index of Cn is (n − 3)/2.
A computer program shows that this conjecture is true for n = 5, 7, 9, 11, 13, 15. Fig. 3 is obtained by replacing
each entry in C17 (see Fig. 1) with its inﬂuence. Conjecture A claims that the index of C17 is 7. But Fig. 3 shows that
the index is actually 8. (Consider the numbers in bold.) So the conjecture is not true for n = 17.
The remainder of this paper is taken up with the proof of the following rather strong asymptotic contradiction of the
conjecture.
Theorem 1. For all > 0, the index of the critical set Cn in the back-circulant Latin square of odd order n eventually
exceeds n2−.
The following theorem was proved in [2].
Theorem B. (i) If an entry (i, j ; i + j) is deleted from the upper triangle in Cn, n odd, then
|N ({(i, j ; i + j)})| = (n2 − 5)/4 +
i∑
=1
( + (n − 1)/2) +
j∑
=1
( + (n − 1)/2) +
n−i−j−2∑
=(n+1)/2
.
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(ii) If an entry (i, j ; i + j) is deleted from the lower triangle in Cn, n odd, then
|N ({(i, j ; i + j)})| = (n2 − 5)/4 +
n−1∑
=i+1
((3n − 1)/2 − ) +
n−1∑
=j+1
((3n − 1)/2 − ) +
i+j∑
=(n+1)/2
.
Corollary 1. If (i, j ; i + j) is an entry in the upper triangle of Cn then (n − 1 − i, n − 1 − j ; n − i − j − 2) is an
entry in the lower triangle of Cn and |N ({(i, j ; i + j)})| = |N ({(n − 1 − i, n − 1 − j ; n − i − j − 2)})|.
For n odd we deﬁne
f (i, j) = i2 + j2 + ij −
(
n − 3
2
)
(i + j). (1)
A simple calculation shows that if (i, j ; i + j) is an entry in the upper triangle of Cn then
|N ({(i, j ; i + j)})| = f (i, j) + 5n
2 − 12n − 1
8
. (2)
By Deﬁnition 2 we have ({(i, j ; i + j)}) = n2 − |N ({(i, j ; i + j)})|. So
f (i, j) = 3n
2 + 12n + 1
8
− ({(i, j, i + j)}). (3)
Thus to determine the index of Cn, n odd, by Deﬁnition 3 and Corollary 1 we only need to calculate the number of
distinct values of the quadratic form f (x, y) on the region
Rn = {(x, y)|0x, y(n − 3)/2 and x + y(n − 3)/2}. (4)
Notice that
36f (x, y) + 3(n − 3)2 = (3(x − y) + (3(x + y) − (n − 3))√−3)(3(x − y) − (3(x + y) − (n − 3))√−3).
Thus the index of Cn is the number of distinct values taken by the quadratic form A2 + 3B2 on the region
Sn = {(±3a,±(3b − (n − 3)))|a ≡ b (mod 2), 0b(n − 3)/2 and 0 |a|b}.
Let
Um = {(3a, 3b)|a ≡ b (mod 2) and 0 |a|, |b|
√
m},
Vm = {(3a, 3b + c) | c = 1, 2, a ≡ b (mod 2) and 0 |a|, |b|√m},
Wm = {(3a, 3b + c) | c = 0, 1, 2, a ≡ b (mod 2) and 0 |a|, |b|
√
m}.
Observe that
U(n−3)2/36 ⊂ Sn ⊂ W(n−3)2/4 if n ≡ 0 (mod 3),
V(n−3)2/36 ⊂ Sn ⊂ W(n−3)2/4 if n /≡ 0 (mod 3). (5)
We now list some elementary properties of the integral equation
N = A2 + 3B2. (6)
Lemma 1. 1. In (6) N ≡ 0 (mod 36), if and only if A ≡ B (mod 2) and A,B ≡ 0 (mod 3).
2. In (6) N ≡ 12 (mod 36), if and only if A ≡ B (mod 2), A ≡ 0 (mod 3) and B /≡ 0 (mod 3).
3. In (6) N ≡ 0 (mod 12), if and only if A ≡ B (mod 2) and A ≡ 0 (mod 3).
4. Every solution (A,B) of (6) for N = 36k lies in the region UN .
5. Every solution (A,B) of (6) for N ≡ 12 (mod 36) lies in the region VN .
6. Every solution (A,B) of (6) for N = 12k lies in the region WN .
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Proof. Part 3 follows from Parts 1 and 2, and, since A2 + 3B2 cannot be congruent to 6 (mod 9), Part 6 follows from
Parts 4 and 5. Now ifN =A2 +3B2, then |A|, |B|√N . Therefore Part 4 follows from Part 1, and Part 5 follows from
Part 2.We now prove Parts 1 and 2. Note thatA2+3B2 ≡ 0 (mod 4) if and only ifA2 ≡ B2 (mod 4)which is equivalent
toA ≡ B (mod 2).Moreover,A2+3B2 ≡ 0 (mod 9) if and only ifA,B ≡ 0 (mod 3). ThereforeA2+3B2 ≡ 0 (mod 36)
if and only if A ≡ B (mod 2) and A,B ≡ 0 (mod 3). This proves Part 1. Finally, A2 + 3B2 ≡ 3 (mod 9) if and only if
A ≡ 0 (mod 3) and B /≡ 0 (mod 3). Therefore A2 + 3B2 ≡ 12 (mod 36) if and only if A ≡ B (mod 2), A ≡ 0 (mod 3)
and B /≡ 0 (mod 3). This proves Part 2. 
From this lemma and the containments (5) it follows that we can obtain asymptotic bounds for the index of Cn if we
have asymptotic expressions for the number of integers less than N which may be expressed in the form A2 + 3B2 and
which lie in the following congruence classes:
1. 0 (mod 36),
2. 12 (mod 36), and
3. 0 (mod 12).
Let B3(x) denote the number of positive integers less than x which may be written in the form A2 + 3B2. Since the
quadratic number ﬁeld Q[√−3] has class number equal to 1, Eq. (7) of [4] implies that
B3(x) = t3x
(log x)1/2
+ 0
(
x
log x
)
,
where t3 is some constant which is independent of x.
Now Eq. (6) has a solution if and only if the squarefree part of N is a product of primes congruent to 0 or 1 modulo 3.
Therefore
|{36k = A2 + 3B2 <x}| = B3(x/36) = t3x36(log x)1/2 + 0
(
x
log x
)
,
|{12k = A2 + 3B2 <x}| = B3(x/12) = t3x12(log x)1/2 + 0
(
x
log x
)
,
|{36k + 12 = A2 + 3B2 <x}| = B3(x/12) − B3(x/36).
It then follows from the containments (5) that there are positive constants  and  such that for all odd n

n2
(log n)1/2
< Index(Cn)< 
n2
(log n)1/2
.
This completes the proof of Theorem 1.
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